We derive the effective action of the hard large-x valence charges up to fourth order in their density. Such non-Gaussian weight functionals contribute at leading order in Nc to the connected two-gluon production diagrams which determine di-hadron correlations. The corresponding diagrams are not necessarily (highly) suppressed by the density of valence charges since their infrared divergences differ from those obtained in a Gaussian theory. Therefore, it appears prudent to include such higher dimensional operators when determining initial ensembles for JIMWLK evolution of higher n-point functions of Wilson lines.
I. INTRODUCTION
(Multi-) Particle production cross sections in hadronic collisions at high energies are related to expectation values of traces of products of Wilson lines which resum multiple scattering and high gluon density effects. The evolution of such operator expectation values is described by the JIMWLK functional renormalization group equation [1] . In the large-N c limit, and in a Gaussian approximation for the effective action, they reduce to the BK equation [2] for the dipole forward scattering amplitude.
The high-energy evolution equations require initial conditions at a rapidity Y = log x 0 /x = 0 (x 0 is often assumed to be about 10 −2 ). They have been derived by McLerran and Venugopalan [3] in the limit of an infinitely large nucleus. In the MV model, the large-x valence charges act as recoilless sources for the soft, small-x gluon fields. As A → ∞ then, the variance of the "valence" charge density ∼ A 1/3 grows large and the distribution of color charges should be Gaussian,
It should be noted that high multiplicity proton-proton collisions may also correspond to unusually high valence charge densities (see, for example, ref. [4] ) and so would also be described effectively by this action with A eff ≫ 1. Nevertheless, in reality the mass number A resp. the number of valence charges is finite, in particular in (highmultiplicity) pp as well as peripheral AA collisions. It is therefore interesting to consider extensions of the MV-model action involving higher powers of the color charge density. In fact, Jeon and Venugopalan have derived [5] an "odderon" operator contribution −d abc ρ a ρ b ρ c /κ 3 , where the cubic coupling κ 3 ∼ g 3 (A/πR 2 ) 2 . Below, we shall show that at quartic order in ρ a contribution δ ab δ cd ρ a ρ b ρ c ρ d /κ 4 to the effective action arises, with κ 4 ∼ g 4 (A/πR 2 ) 3 . Our motivation derives from the recent observation of a "ridge" in two-particle correlations from high-multiplicity pp [6] as well as heavy-ion collisions [7] . The ridge refers to a correlation which extends over several units 1 of (relative) rapidity for particles with similar azimuthal angle, ∆φ ≪ π. For high-multiplicity pp collisions at √ s = 7 TeV the CMS collaboration found that the amplitude of the "ridge" correlation peaks about transverse momenta on the order of 2-3 GeV, a semi-hard scale. Ref. [8] argued that within the framework of high energy evolution this effect would correspond to production of two small-x gluons with relative rapidity ∆y > ∼ 1 from two evolution ladders which connect to the same large-x sources [10, 11] .
With a Gaussian action one finds that the two-particle distribution minus the product of two single-particle distributions,
1 It is presently not known whether the correlation simply satisfies boost invariance or whether it diminishes for rapidity intervals on the order of 1/αs [8, 9] .
is suppressed by a factor 1/(N 2
c , however, Gaussian factorization of the four-point function which determines (2) is violated by JIMWLK evolution [12] .
This problem could be cured by a dynamically generated correlation length (in the transverse plane) of small-x gluon fields [13] . For a discussion of how color charge correlations develop as a hadron or nucleus is boosted to high rapidity we refer to ref. [14] . Averaging of n-point functions of Wilson lines with a local Gaussian would not apply when those n points are within one correlation length of each other and consequently a connected contribution should arise at leading order in N c [13] . This can be seen also from a model which assumes splitting of the four-point function into two-point functions ("ladders") with non-zero individual transverse momenta [15] .
Here, we show that a non-Gaussian initial distribution of valence charge naturally arises when A < ∞ and that it leads to particle correlations at leading order in N c . Furthermore, that the infrared behavior of the leading connected two-particle production diagram is different from the case of a quadratic action. This fact may affect the relative A-dependence of the correlations resulting from the quadratic vs. the higher-order terms in the action.
We focus on the kinematic regime where the transverse momenta p, q of the two produced gluons are somewhat larger than but on the order of the scale where evolution in rapidity is non-linear. For a proton, this so-called saturation scale Q s (x) is expected to be on the order of 1 GeV at x ≈ a few times 10 −4 , on average; high-multiplicity collisions should correspond to configurations with significantly higher parton densities. For nuclei, the valence charge density should be boosted by a factor of ∼ A 1/3 . In this kinematic regime, the transverse momenta of the produced gluons are, to a significant part, due to the intrinsic transverse momentum from the small-x evolution ladders. Further, the relative azimuthal angle of p and q is taken to be small, ∆φ ≪ π.
When log p 2 /Q 2 s ≫ 1 and log q 2 /Q 2 s ≫ 1 the situation is different. This case has been analyzed within the doublelogarithmic approximation in ref. [16] . They show that here a single "flip" (or "recombination") between the two evolution ladders is suppressed and that two such flips are required, one below and the other above the rapidities of the produced di-jets. At very high energies such flips between ladders may occur at a hard transverse momentum scale not too far from the hard dijet vertices themselves [16] .
II. DERIVATION OF THE EFFECTIVE ACTION BEYOND QUADRATIC ORDER
In this section we derive the form of the effective action for a system of k quarks in SU(3) following the methods developed in [5] . The probability to find this system in a representation labeled by the integers (m, n), also denoted as Dynkin labels, is given by d mn N (k) m,n where
We are interested in the representation with the largest weight and so consider the limit k ≫ m, n ≫ 1. Thus, we expand the factorials in each G in powers of 1/k up to and including order ∼ 
where C 2 , C 3 , C 4 are the SU(3) Casimir operators for the representation (m, n), given by (see appendix)
Before we rewrite the action S(m, n; k) in terms of the color charges ρ, it is perhaps useful to remind the reader of this derivation and to illustrate it in the simpler case of SU (2) spins [5] . In this case, the representation R is labeled by one index, l, and there is only one independent Casimir defined as
R , where L a R are the generators of the representation R. For a large representation we have C 2 = ℓ(ℓ + 1) ≃ ℓ 2 as the quadratic Casimir. One can then write ℓ 2 = ℓ i ℓ i where ℓ i is a vector describing spin and express the action in terms of invariants formed by multiplying ℓ i 's (in this example, there is only one invariant, ℓ 2 ) as S ≃ N c ℓ 2 /k. For large ℓ, one introduces a classical charge density per unit transverse area,
Next, k is expressed in terms of number of valence quarks in a nucleus as k = N c A ∆ 2 x/πR 2 which then leads to
with µ 2 ≡ g 2 A 2πR 2 . We start by defining the Casimirs for general N c in terms of the generators T ai R of the representation R,
where 1 1 R is the unit matrix in the representation R. Taking the trace of both sides gives C n (R), the n th Casimir of the representation R:
The color tensors F a1,··· ,an R are the most general color invariant tensors one can construct out of the SU(N c ) orthonormal basis tensors. For example, F a1,a2 R = δ a1,a2 for n = 2, while for n = 4 these basis tensors are given by δ ab δ cd plus permutations, d
abe d cde plus permutations, and d abe f cde plus permutations. More explicitly,
Since the number of independent Casimirs of SU(N c ) is equal to its rank, N c −1, there are only 2 independent Casimirs for SU (3) . These are usually taken to be C 2 and C 3 . This can be seen explicitly by noting that for N c = 3 one has the constraint
and 3α + β = 1 so that the quartic Casimir can be written as the square of the quadratic invariant. To proceed, we write the action in terms of Q a , a N 2 c − 1 dimensional vector related to the second Casimir via |Q| = √ Q a Q a ≡ √ C 2 ; the vector Q a is analogous to the angular momentum vector ℓ a in our SU(2) example from above:
We then follow McLerran-Venugopalan and define the color charge per unit area ρ a ≡ g Q a /∆ 2 x to finally arrive at
To write the action in this form we have used eq. (13) and
πR 2 . This assumes that the large-x sources correspond to N c A valence quarks. On the other hand, if initial conditions for small-x evolution are set at, say, x 0 = 0.01 then the number of "valence" charges would be bigger although still parametrically proportional to A and to N c .
The couplings in this action are given by, parametrically,
The In order to compute the contribution of the quartic term to a physical observable, such as single-inclusive hadron production in the forward region [17] , one needs to perform the color averaging of the dipole operator with this new action: within the Glauber-Mueller approach the expectation value of the full dipole operator tr V x V † y , where V denotes a Wilson line, resums multiple scattering effects on a dense target [2] . This can in principle be done numerically using lattice gauge theory methods [18] . Nevertheless, it is useful to consider a limit where this expectation value can be evaluated analytically, such as the dilute limit of the dipole cross section given by the two-point function of color charges. Even then, one can not perform the integration over ρ analytically when the action is not quadratic. We therefore resort to a perturbative expansion in 1/κ 4 and keep only the first term in the expansion of the exponential of the quartic term. We then compute the two-point function of the color charge density of hard sources which is related to the unintegrated gluon distribution. To first non-trivial order in 1/κ 4 ,
Here, S G denotes the Gaussian action. For the two-point function O = ρ a x ρ b y , the possible contractions are shown diagrammatically in fig. 1 ; for the denominator of eq. (18) one amputates the points x and y. We compute the functional integral in lattice regularization, i.e. we approximate the two-dimensional transverse space by a lattice with N s sites of area ∆ 2 x. The two-point function becomes
The disconnected contribution exhibits both a UV (∆ 2 x → 0) as well as a IR (N s → ∞) divergence but appears both in the numerator and in the denominator and so cancels as usual. The third term in the numerator is due to the tadpole diagram from fig. 1 which renormalizes the "bare" parameter µ 2 :
This renormalization of µ 2 will be applied to all diagrams to absorb the insertion of a tadpole into any line.
Thus, the two-point function now reads (in continuum notation)
To relate (21) to the unintegrated gluon distribution we note that at leading order and in covariant gauge the field generated by a fast particle moving in the positive z-direction is related to the charge density by
where again x denotes a transverse coordinate. This field also satisfies A − = 0 and so the only non-vanishing fieldstrength is F +i = −∂ i α. In momentum space we have the relation k 2 α(k) = gρ(k). Thus, we define the unintegrated
With this convention, Φ(k 
The different type of contractions which arise at this order are shown in Fig. 2 . Eq. (24) then gives
The second line in this expression corresponds to the sum of the first three diagrams shown in Fig. 2 : the second term due to the disconnected diagram again cancels against the overall normalization factor once the latter is expanded to leading order in 1/κ 4 . Also, the third term from the second line is again absorbed into the renormalized value of µ 2 as in (20) . In fact such a factor of 1 − 16 In momentum space, We now turn to the color factor for correlated production of two gluons as illustrated in Fig. 4 . We focus, in particular, on the so-called "ridge" kinematics where the gluons are separated by a rapidity interval ∆η > ∼ 1 but where their transverse momenta are nearly parallel so that their relative azimuth ∆φ ≪ π. We assume that in this kinematic regime the dominant contribution arises from a process where the small-x gluons are produced from two separate ladders which connect to the same hard sources, though [10] .
It was pointed out in ref. [12] that the cross section for this process involves a product of two four-point functions (projectile and target, respectively) such as the one discussed above. Further, that for a Gaussian action the correlated contribution which is left over after one subtracts the square of the single inclusive cross section is suppressed by ∼ 1/N 2 c . The diagram from Fig. 4 corresponds to [12] 
with e and e ′ , respectively, the color indices of the two produced gluons; the ladder momenta k i will be integrated over. The (squared) single-inclusive cross section is obtained from
Translational invariance in the transverse plane brings along a factor of δ(k = 0) = πR 2 /(2π) 2 for each of the two produced gluons. Using (15) the prefactor is of order 
Due to the additional δ-function as compared to eq. (29) there is, of course, only one single independent ladder momentum to integrate over. This diagram will therefore depend on the relative azimuthal angle between p and q; it is proportional to
Its contribution is therefore maximal at ∆φ = 0 and minimal at ∆φ = π/2 [8] . Also, the integral is quadratically divergent from the region k 2 ≪ p 2 , q 2 and k ∼ p ∼ q. If a fixed non-perturbative cutoff Λ 2 is used then this contribution is ∼ A 2 , i.e., suppressed by ∼ A −2/3 as compared to uncorrelated production, eq. fig. 6 and is given by The contribution from this diagram to the two-particle spectrum is
Thus, this contribution is independent of the azimuthal angle ∆φ between p and q. Also, its sensitivity to the infrared cutoff is only logarithmic and would therefore not modify the A-dependence of the prefactor. From (15) then the prefactor of (33) is of order
This is of the same order in g 2 and N c as the uncorrelated contribution (30) but suppressed by one power of the mass number A. However, it is more relevant to compare the contribution from the quartic interaction to the correlation, eq. (35), to that from the Gaussian action, eq. (32). If the latter is cut off at a constant, A-independent scale Λ 2 then it is parametrically enhanced by a factor of A 1/3 and the corrections from the quartic term in the action can be computed perturbatively (near A = ∞) by an expansion in 1/κ 4 (as we have done). One may expect that such corrections are large when A 1/3 ≃ 6 since they are enhanced by a factor of N 2 c − 1. On the other hand, if the infrared cutoff ∼ Q 2 s ∼ A 1/3 then the non-Gaussian action generates "corrections" to two-particle correlations which appear at the same order in A as the contribution from the Gaussian action (up to logarithms of A); in addition, those "corrections" are enhanced by a large color factor N We conclude this section by noting that the "odderon" operator can also contribute to the connected two-particle production cross section at order ∼ 1/κ 
This is of the same order in A as the contribution ∼ 1/κ 4 from eq. (35) although it is suppressed by one power of N c . It appears sensible that numerical solutions of JIMWLK evolution also include the odderon operator in the action for the initial condition. On the other hand, terms of order ∼ ρ 6 do not matter for the four-point function (they do matter for the six-point function and higher), they simply renormalize κ 4 .
VI. SUMMARY
In summary, we have computed corrections to the quadratic MV-model action up to quartic order in the density of hard (large-x) sources. Such terms are accompanied by additional powers of 1/gA 1/3 . This action could be employed to determine initial conditions for the JIMWLK high-energy evolution of various n-point operator expectation values. We have motivated this by showing that at leading order in the quartic coupling this action gives a connected contribution to two-gluon production (i.e., to correlations) already at leading order in N c , enhanced by a factor of N 2 c − 1 over the connected contribution from a (local) quadratic action. Such non-Gaussian actions may also be important for applications to dijet production with transverse momenta not very far above the saturation scale [19] .
